The study of time series that contain a seasonal component has became an important issue nowadays. In this paper we will realize a simulation comparison of two different bootstrap procedures in the problem of seasonal means and the overall mean estimation of Periodically Correlated time series data models. We propose the Block Bootstrap of Residuals that is a procedure suitable for the Periodically Correlated Time Series models studied. This procedure takes in consideration the periodicity present in the data and gives good results compared with other block bootstrap procedures. The actual coverage probabilities of the bootstrap equal-tailed confidence intervals for the overall mean are calculated considering different models, block sizes and sample sizes. In the considered cases we can notice a good performance of the block bootstrap procedure proposed.
Introduction
Many processes in nature arise from periodic phenomena, and the study of time series that contain a seasonal component has become an important issue nowadays. Periodically Correlated time series with period T are time series where the mean and covariance remains the same when shifted T units of time. Since the introduction by Efron (1979) [2] , bootstrap has resulted to be an important method for estimating the distribution of an estimator by applying the resampling of the data or to a model that is estimated from the data. This bootstrap method resulted efficient in the case of independent and identically distributed observations, but in the case of dependent data like time series, classic bootstrap gives incorrect answers. The application of the classic bootstrap is limited by the requirements of independence in the data. In the case of dependent data, Kunsch (1989) [4] presented a bootstrap method with blocks compounded by a fixed number of observations and argued that although individual observations are not independent, blocks of observations can be independent with each other for a proper block length. Despite the well-known and accepted results, it is not advisable to apply this bootstrap procedure when the time series has a seasonal component. The main purpose of this paper is to realize a comparison of the performance of block bootstrap procedures designed for periodically correlated time series in the case of parameters estimating. In this paper we will realize a simulation comparison of two different bootstrap procedures in the problem of point estimation of the seasonal means and the overall mean and interval estimation of the overall mean in the case of Periodically Correlated time series data models. We propose the Block Bootstrap of Residuals that is a procedure suitable in the Periodically Correlated Time Series models studied. This procedure takes in consideration the periodicity present in the data and gives good results compared with the Generalized Seasonal Block Bootstrap that is a method that has resulted suitable in the case of Periodically Correlated time series. The actual coverage probabilities of the bootstrap equal-tailed confidence intervals for the overall mean are calculated considering different models, block sizes and sample sizes. In the considered cases we can notice a good performance of the block bootstrap procedure proposed. In section 2 we present Periodically Correlated time series as a special class of periodic time series. In section 3 we mention block bootstrap procedures that results suitable for periodically correlated time series. The results of the simulations and some remarks are presented in sections 4 and 5.
Periodic time series
Many processes in nature arise from periodic phenomena and the notion related to these processes seems to initiate with Bennett (1958) [7] who called them cyclostationary processes. The study of this special class of time series has resulted a challenge for many researchers. Periodically Correlated time series is a Some empirical results using bootstrap procedures 541 class of time series that is used to model data with periodic structure in many fields like climatology, meteorology, economy etc. A time series t X is called Periodically Correlated with period T if the mean and the covariance of the series remains the same when shifted T units of time. If we denote E the mean and cov the covariance, we have that t X is periodically correlated with period T if:
 for all integers s and t.
Bootstrap procedures for periodic time series
Several block bootstrap methods were presented from researchers with intention to estimate the parameters of interest. Therefore, when we study periodically correlated data, these methods must be able to consider the periodicity present in the data. There is a large amount of block bootstrap methods for the time series data, but not as much for time series with a seasonal component. Generalized seasonal block bootstrap (GSBB) is a procedure for periodically correlated time series proposed from Dudek et. al [1] . This is a modification of the block bootstrap that is suitable for periodic time series with fixed length periodicities of arbitrary size as related to block size and also to the sample size. We propose the Block Bootstrap resampling of the Residuals (BBR) that resulted a real competitor of other block bootstrap procedures in the case of estimating seasonal means and the overall mean of periodically correlated time series models with nonzero periodic mean. It consists in using block bootstrap resampling in the residuals of the original series after the seasonal means are estimated and removed. The BBR method results an efficient method in some models of Periodically Correlated time series compared with GSBB.  [1] .
Based on these estimations proposed, we study the bootstrap point-estimation of the seasonal means and the overall mean and also we construct confidence intervals for the overall mean. We will realize a simulation comparison of the two block bootstrap procedures: Generalized Seasonal Block Bootstrap and Block Bootstrap of the Residuals using two models of periodically correlated time series.
Simulation Results
Our goal is to realize a comparison of the results using algorithms of the two above mentioned methods, GSBB and BBR. We use R language in constructing the programs based in algorithms proposed in studying periodically correlated time series applying the bootstrap methods: Generalized Seasonal Block Bootstrap and Block Bootstrap of the Residuals.
We choose our models of periodically correlated time series models with period T: Model 1: cos(2 t/ T) e sin(2 t/ T)
where t u are independent random variables uniformly distributed on [-0.5,0.5]
and t e are independent random variables with standard normal distribution. We conducted a number of related simulations with 1000 Monte Carlo trials and 1000 bootstrap replications. The period chosen is T=12, we take two values N=120 and N=240 of the sample size and also the chosen block lengths, b, are from the set {2, 3, 4, …, 30}.We perform a simulation study to calculate the Mean Squared Error (MSE) and the Bias of the estimators for the seasonal means and the overall mean using the algorithms of the proposed bootstrap procedures in the models proposed of periodically correlated time series. The simulations are also used to construct the bootstrap equal-tailed pointwise confidence intervals for the overall mean of the above time series. We calculated the Actual Coverage Probability (ACP) using the Generalized Seasonal Block Bootstrap (GSBB) and Block Bootstrap of Residuals (BBR) in constructing confidence intervals for the overall mean. The Nominal Coverage Probability (NCP) taken is 0.95.
The optimal block length for the two proposed models together with the ACP for the optimal block length values are presented in the Table 1 . In Figure 1 and Figure 2 we present the ACP-s for all block length studied for Model 1 and Model 2, using N=120 and N=240 for both procedures.
It seems that for both models for the sample sizes N=120 and N=240, we have similar results for both methods used. We can notice that ACPs in BBR case for the optimal block length chosen are nearer 0.95 than GSBB. Based on the results presented in Figure 3 and Figure 4 , we can notice that the Confidence Interval lengths are similar in both procedures, especially when the sample size N=240. Below we present the results for the Mean Squared Error and the Bias of the bootstrap estimations for the 12 seasonal means and the overall mean of the models studied. Figure 5 . MSE of the estimators of the 12 seasonal means and the overall mean for the two models using GSBB and BBR.
In the case of Mean Squared Error for the 12 seasonal means and the overall mean estimates, we can notice the similar performance of GSBB and BBR in the two models studied. We can notice also that the performance of the two methods is not influenced by the block length. The results obtained from the two methods in the case of Bias for the optimal block length chosen are presented in the figure below: Figure 6 . Bias of the estimators of the 12 seasonal means and the overall mean for the two models using BBR and GSBB for the optimal block length chosen.
The results for the Bias of the estimators obtained from the methods GSBB and BBR are near value zero and the results are similar for both methods. There is a slight advantage when we use BBR procedure.
Conclusions
Based on the results of our simulations, we can conclude that GSBB and BBR have similar performance. In our proposed models of Periodically Correlated time series, the results obtained using BBR outperform those obtained from the GSBB in the most part of cases. We also can recommend BBR method in the case of similar models because of the reduced time of simulations in comparison of the GSBB method. GSBB and BBR take in consideration of the periodicity present in the data, and this is the reason of the good performance of these methods in our models of periodically correlated time series.
Remarks
For a simulation comparison of the performance of two block bootstrap procedures, GSBB and BBR, we consider two periodically correlated time series models. Although theoretically and empirically GSBB resulted a suitable method in many cases of time series with periodic structure, BBR enjoys good properties as well. BBR seems to be a good alternative in resampling Periodically Correlated Time Series and it is important to do further studies of the performance of this procedure in other Periodically Correlated time series models. 
